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Abstract Bianchi Type I barotropic perfect fluid cosmological model in presence of mag-
netic field, is investigated. To get the deterministic model, we have also assumed that σ 1

1 αθ

where σ 1
1 is the eigen-value of shear tensor σ

j

i and θ the expansion in the model. The be-
havior of the model in presence and absence of magnetic field and singularities in the model
are also discussed.
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1 Introduction

General Relativity finds an interesting application to an investigation of state in which radia-
tion is concentrated around a star. Friedmann [1] constructed world models which have been
described by those solutions of Einstein’s field equation with incoherent matter where world
lines have vanishing shear and rotation. If expansion vanishes for all values of t , we get
Einstein universe and if density vanishes, we obtain de-Sitter universe as a particular case of
Friedmann model. Roy and Singh [2] investigated Bianchi Type I non-static plane symmetric
space-time filled with disordered radiation of perfect fluid distribution. The evolution of de-
viation from perfect isotropy is dominated by the distortion created by anisotropic stresses.
The anisotropic stresses to the gravitational field arise from magnetic fields, collision less
relativistic particles, hydrodynamic shear viscosity, gravitational waves, skew axions fields
in low energy string or topological defects. The presence of strong magnetic field raises the
interesting problem like the formation of galaxies in the actual universe. Primordial mag-
netic fields of cosmological origin have been speculated by Asseo and Sol [3]. FRW models
are approximately valid as present day magnetic field strength is very small. Thorne [4] in-
vestigated an LRS (Locally Rotationally Symmetric) Bianchi Type I cosmological model
with magnetic field. Collins [5] gave a qualitative analysis of Bianchi Type I models in
the presence of magnetic field. Roy and Prakash [6] investigated Bianchi Type I non-static
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cosmological model for perfect fluid distribution with magnetic field in which free gravi-
tational field is of Petrov Type I degenerate. Bali [7], Bali and Tyagi [8] have investigated
some Bianchi Type I cosmological models in presence of magnetic field assuming the condi-
tions σ 1

1 αθ where σ 1
1 is the eigen values of σ

j

i and θ the expansion in the model and for stiff
perfect fluid distribution where σ

j

i is the shear tensor. A cosmological model which contains
a global magnetic field is necessarily anisotropic since the magnetic field vector specifies a
preferred spatial direction. Bronnikov et al. [9] have studied the evolution of Bianchi Type I
space-time with a global unidirectional electromagnetic field. Cosmological models with an
incident magnetic field for different Bianchi Types have been investigated by several authors
viz. Tupper [10], Dunn and Tupper [11], Lorentz [12], Roy et al. [13], Roy and Singh [14],
Ribeiro and Sanyal [15], Nayak and Bhuyan [16], Banerjee et al. [17], Tikekar and Patel
[18, 19], Roy and Banerjee [20], Bali and Jain [21], Wang [22], Singh and Chaubey [23],
Bali and Jain [24].

In this paper, we have investigated Bianchi Type I barotropic perfect fluid cosmological
model in the presence of magnetic field. To get the deterministic model of the universe,
we have also assumed that σ 1

1 αθ and σ 1
1 is the eigen value of σ

j

i and θ the expansion in
the model. The behavior of the model in the presence and absence of magnetic field and
singularities in the model are discussed.

2 The Metric and Field Equations

We consider the Bianchi type I metric in the form

ds2 = −dt2 + A2dx2 + B2dy2 + C2dz2 (2.1)

where A, B , C are functions of t -alone.
The energy momentum tensor for perfect fluid with magnetic field is given by

T
j

i = (ε + p)viv
j + pg

j

i + E
j

i (2.2)

where E
j

i is the electro magnetic field given as Lichnerowicz [25]

E
j

i = μ̄

[
|h|2

(
viv

j + 1

2
g

j

i

)
− hih

j

]
(2.3)

with

hi =
√−g

2μ̄
εijk�F

k�vj , |h|2 = h�h
� (2.4)

where ε is the energy density, p the isotropic pressure, hi the magnetic flux vector, Fij the
electromagnetic field tensor, εijk� the Levi-Civita symbol, and vi the flow velocity satisfying

gij v
ivj = −1.

We assume that coordinates to be comoving so that

v1 = 0 = v2 = v3, v4 = 1.

The incident magnetic field is taken along x-axis so that

h1 �= 0, h2 = 0, h3 = 0, h4 = 0.
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We assume that F23 is the only non-vanishing component of Fij .
Maxwell’s equations

Fij ;k + Fjk;i + Fki;j = 0

and

∂

∂xj
(F ij

√−g) = 0

together leads to

F23 = constant = H (say).

Hence

h1 = AH

μ̄BC
. (2.5)

Here F14 = 0 = F24 = F34 due to the assumption of infinite electrical conductivity (Roy
Maartens [26]).

Thus (2.3) leads to

E1
1 = − H 2

2μ̄B2C2
= −E2

2 = −E3
3 = E4

4 . (2.6)

The Einstein field equation

R
j

i − 1

2
Rg

j

i = −8πT
j

i

for the metric (2.1) leads to

B44

B
+ C44

C
+ B4C4

BC
= −8π

(
p − H 2

2μ̄B2C2

)
, (2.7)

A44

A
+ C44

C
+ A4C4

AC
= −8π

(
p + H 2

2μ̄B2C2

)
, (2.8)

A44

A
+ B44

B
+ A4B4

AB
= −8π

(
p + H 2

2μ̄B2C2

)
, (2.9)

A4B4

AB
+ A4C4

AC
+ B4C4

BC
= 8π

(
ε + H 2

2μ̄B2C2

)
. (2.10)

3 Solution of Field Equations

Equations (2.7) and (2.8) lead to

A44

A
− B44

B
+

(
A4

A
− B4

B

)
C4

C
= −8π

(
H 2

μ̄B2C2

)
. (3.1)

From (2.8) and (2.9), we have

B44

B
− C44

C
+ A4

A

(
B4

B
− C4

C

)
= 0. (3.2)
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Equations (2.7) to (2.10) are four equations in five unknowns A, B , C, ε and p. To get the
determinate model of the universe, we assume that universe is filled with barotropic perfect
fluid distribution. This leads to p = γ ε where 0 ≤ γ ≤ 1. Now (2.7) and (2.10) after using
barotropic perfect fluid condition (p = γ ε) lead to

γ
A4

A

(
B4

B
+ C4

C

)
+ (1 + γ )

B4C4

BC
+ B44

B
+ C44

C
= (γ + 1)

4πH 2

μ̄B2C2
. (3.3)

Equation (3.2) leads to

(CB4 − BC4)4

CB4 − BC4
= −A4

4
(3.4)

which leads to

C2

(
B

C

)
4

= m

A
. (3.5)

Let

BC = μ, B/C = ν. (3.6)

Thus, we have

B2 = μν, C2 = μ/ν. (3.7)

Using (3.6) and (3.7) in (3.5), we have

ν4

ν
= m

Aμ
. (3.8)

The condition σ 1
1 αθ leads to

A = �(BC)n (3.9)

where σ 1
1 is the eigen value of shear tensor σ

j

i and θ the expansion in the model, � the
proportionality constant.

Using (3.6), (3.9) in (3.3), we have

μ44

μ
+

{
(4n + 1)γ − 1

4

}
μ2

4

μ2
+

(
1 − γ

4

)
ν2

4

ν2
= (γ + 1)K

μ2
(3.10)

where

K = 4πH 2

μ̄
. (3.11)

Again using (3.8) and (3.9) in (3.10), we have

μ44 +
{

(4n + 1)γ − 1

4

}
μ2

4

μ
+

(
1 − γ

4

)
m2

�2μ2n+1
= (γ + 1)K

μ
(3.12)

which leads to

f 2 = 4(γ + 1)K

(4n + 1)γ − 1
+ m2

�2(4n + 1)
μ−2n + α
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where μ4 = f (μ) and μ44 = ff ′, f ′ = df

dμ
and α is constant of integration which leads to

f = [M + Nμ−2n]1/2 (3.13)

where

M = 4(γ + 1)K

[(4n + 1)γ − 1] + α (3.14)

and

N = m2

�2(4n + 1)
. (3.15)

Equations (3.8) and (3.13) lead to

ν = L

[
1

μn
+

√
1

μ2n
+ M

N

]− m

n�
√

N

. (3.16)

Thus we have

A2 = �2μ2n, (3.17)

B2 = Lμ

[
1

μn
+

√
1

μ2n
+ M

N

]− m

n�
√

N

, (3.18)

C2 = μ

L

[
1

μn
+

√
1

μ2n
+ M

N

] m

n�
√

N

. (3.19)

Hence the metric (2.1) leads to

ds2 = −
(

dt

dμ

)2

dμ2 + �2μ2ndx2 + Lμ

[
1

μn
+

√
1

μ2n
+ M

N

]− m

n�
√

N

dy2

+ μ

L

[
1

μn
+

√
1

μ2n
+ M

N

] m

n�
√

N

dz2 (3.20)

= − T 2ndT 2

(MT 2n + N)
+ �2T 2ndX2 + T

[
1

T n
+

√
1

T 2n
+ M

N

]− m

n�
√

N

dY 2

+ T

[
1

T n
+

√
1

T 2n
+ M

N

] m

n�
√

N

dZ2 (3.21)

where μ = T , x = X,
√

Ly = Y , 1√
L
z = Z.

In the absence of magnetic field i.e. when M → α i.e. when K → 0 then the metric (3.21)
reduces to

ds2 = − T 2ndT 2

(αT 2n + N)
+ �2T 2ndX2 + T

[
1

T n
+

√
1

T 2n
+ α

N

]− m

n�
√

N

dY 2

+ T

[
1

T n
+

√
1

T 2n
+ α

N

] m

n�
√

N

dZ2. (3.22)



Int J Theor Phys (2009) 48: 1186–1193 1191

4 Some Physical and Geometrical Features

The energy density (ε), the isotropic pressure (p) for the model (3.21) are given by

8πε = 1

T 2

[
M(4n + 1)

4
− {(4n + 1)γ + 1}K

(4n + 1)γ − 1

]
(4.1)

and

8πp = γ

T 2

[
M(4n + 1)

4
− {(4n + 1)γ + 1}K

(4n + 1)γ − 1

]
. (4.2)

The expansion (θ) and components of shear tensor (σ j

i ) and conformal curvature tensor
(C

jk

hi ) are given by

θ = A4

A
+ B4

B
+ C4

C
= (n + 1)

T n+1
[MT 2n + N ]1/2, (4.3)

σ 1
1 = 1

3

(
2A4

A
− B4

B
− C4

C

)
=

(
2n − 1

3

)
(MT 2n + N)1/2

T n+1
, (4.4)

σ 2
2 = 1

3

(
2B4

B
− A4

A
− C4

C

)
= 1

3T n+1

[(
1 − 2n

2

)
(MT 2n + N)1/2 + 3m

2�

]
, (4.5)

σ 3
3 = 1

3

(
2C4

C
− A4

A
− B4

B

)
= 1

3T n+1

[(
1 − 2n

2

)
(MT 2n + N)1/2 − 3m

2�

]
, (4.6)

σ 4
4 = 0.

Thus

σ 2 = 1

2
[(σ 1

1 )2 + (σ 2
2 )2 + (σ 3

3 )2 + (σ 4
4 )2].

Therefore

σ = 1

2
√

3T n+1

[
(1 − 2n)2(MT 2n + N) + 3m2

�2

]1/2

, (4.7)

C12
12 = − 1

6T

[
3nm2

(4n + 1)�2T 2n
− (2n2 − 3n + 1)

2
M + 3mn

�

(MT 2n + N)1/2

T 2n

]
, (4.8)

C13
13 = − 1

6T

[
3nm2

(4n + 1)�2T 2n
− (2n2 − 3n + 1)

2
M − 3mn

�

(MT 2n + N)1/2

T 2n

]
, (4.9)

C14
14 = 1

6T

[
6nm2

(4n + 1)�2T 2n
− (2n2 − 3n + 1)M

]
. (4.10)

The spatial volume (R3) and the deceleration parameter (q) are given by

R3 = �T n+1, (4.11)

q = −[(n − 2)M − 2(n+1)N

T 2n ]
(n + 1)[M + N

T 2n ] . (4.12)
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5 Discussion

The reality conditions (i) ε + p > 0 (ii) ε + 3p > 0 given by Ellis [27] together lead to

M(4n + 1)

4
>

{(4n + 1)γ + 1}K
(4n + 1)γ − 1

. (5.1)

The model (3.21) in the presence of magnetic field exists during the span of time T = 0
to T = ∞ having restrictions on constant quantities given by (5.1). The model (3.21) starts
with a big-bang at T = 0 and the expansion in the model decreases as time increases. Since
limT →∞ σ

θ
�= 0, hence the model does not isotropize for large values of T . Since q < 0 for

T 2n > 2(n+1)N

(n−2)M
, hence the model (3.21) represents an accelerating universe. However q > 0

for T 2n < 2(n+1)N

(n−2)M
, hence it represents decelerating universe during this span of time. The

matter density ε → ∞ when T → 0 and ε → 0 when T → ∞ in the presence of magnetic
field. The model in general represents non-rotating and Petrov Type I degenerate in the
presence of magnetic field. The model (3.21) has Point Type singularity (MacCallum [28])
at T = 0 when n > 0 and has Cigar Type singularity at T = 0 when n < 0.

In the absence of magnetic field, the above mentioned quantities are given by

8πε = (4n + 1)α

4T 2
, (5.2)

8πp = (4n + 1)γ α

4T 2
, (5.3)

θ = (n + 1)m

T

[
m2

�2(4n + 1)T 2n
+ α

]1/2

, (5.4)

σ = 1√
3

1

T

[
(1 − 2n)2α

4
+ (n + 1)2m2

(4n + 1)�2T 2n

]1/2

. (5.5)

The components of conformal curvature tensor, the spatial volume and the deceleration pa-
rameter in the absence of magnetic field are given by

C12
12 = − 1

6T

[
3nm2

(4n + 1)�2T 2n
− (2n2 − 3n + 1)

2
α + 3mn

�

(αT 2n + N)1/2

T 2n

]
, (5.6)

C13
13 = − 1

6T

[
3nm2

(4n + 1)�2T 2n
− (2n2 − 3n + 1)

2
α − 3mn

�

(αT 2n + N)1/2

T 2n

]
, (5.7)

C14
14 = 1

6T

[
6nm2

(4n + 1)�2T 2n
− (2n2 − 3n + 1)α

]
, (5.8)

R3 = �T n+1, (5.9)

q = −[(n − 2)α − 2(n+1)N

T 2n ]
(n + 1)[α + N

T 2n ] . (5.10)

In the absence of magnetic field, the reality conditions (i) ε + p > 0, (ii) ε + 3p > 0
together lead to (4n + 1)α > 0. The model in the absence of magnetic field also starts with
a big-bang at T = 0 and the expansion in the model decreases as time increases. The spatial
volume increases as time increases when n+1 > 0. Since q < 0 for T 2n > 2(n+1)N

(n−2)α
, hence the
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model (3.22) represents an accelerating universe. However if T 2n < 2(n+1)N

(n−2)α
then the model

(3.22) represents a decelerating universe. The model (3.22) has Point Type singularity at
T = 0 when n > 0 and Cigar Type singularity at T = 0 when n < 0. The model represents
Petrov Type I degenerate in absence of magnetic field. For large values of T , the model
also represents a conformally flat space-time. When T → 0 then ε → ∞ and ε → 0 when
T → ∞. Since limT →∞ σ

θ
�= 0. Hence the anisotropy is maintained for large values of T .
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